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Abstract
We explicitly identify inﬁnitely many curves which are quotients of Fermat curves. We show
that some of these have simple Jacobians with complex multiplication by a non-cyclotomic
ﬁeld. For a particular case we determine the local zeta functions with two independent
methods. The ﬁrst uses Jacobi sums and the second applies the general theory of complex
multiplication, we verify that both methods give the same result.
r 2004 Elsevier Inc. All rights reserved.
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1. Introduction
In [5,8], we studied a method for constructing CM-hyperelliptic curves of genus 3
and CM-Picard curves suitable for cryptography. The construction in the cited
articles was done by computing approximations of the invariants of the curves (that
are rational functions of theta constants) using a computer. Although these methods
give cryptographically interesting examples of curves deﬁned over Fp; we do not have
a rigorous mathematical proof that they really have complex multiplication with the
stated CM-ﬁeld.
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In this paper, we show that some of the examples given in [5,8] are obtained as
quotients of Fermat curves, and that they indeed are Jacobians of the stated CM
type.
It seems that the algebraic curves whose Jacobian is a simple factor of Jacobians of
Fermat curves are not completely known. We give a sequence of such curves as cyclic
d-gonal curves in Section 2.
In a special case, we ﬁnd a Picard curve whose Jacobian has complex
multiplication with the CM-ﬁeld Qðz3; z7 þ z17 Þ: We compute the local zeta
functions for this curve by two different methods: with Jacobi sums based on a
result in [4] (Section 3) and by Hecke characters (Section 4). It is very well known
that both methods give the same result and we verify this explicitly in Section 4.8.
2. Fermat quotient curves
2.1.
We study an algebraic curve
Cd;n;k : y
d ¼ xkðxnd2k þ 1Þ; nX1; d4kX0; nd  2k40 ð2:1Þ
over C: This curve is a quotient of the Fermat curve
Fdðnd2kÞ : tdðnd2kÞ ¼ sdðnd2kÞ þ 1
in the following sense. Let mN be the group of Nth roots of the unity, and let us
deﬁne a group
G ¼ fða; bÞAmd  mdðnd2kÞjak ¼ bnd2kg
which acts on Fdðnd2kÞ by ðs; tÞ/ðas; btÞ: We see that the map
f : Fdðnd2kÞ-Cd;n;k; ðs; tÞ/ðx; yÞ ¼ ðsd ; tnd2kskÞ
is well deﬁned, and that f ðs; tÞ ¼ f ðs0; t0Þ if and only if ðs; tÞ ¼ ðas0; bt0Þ with some
ða; bÞAG: Namely we have Cd;n;k ¼ Fdðnd2kÞ=G:
The curve Cd;n;k has automorphisms
r : ðx; yÞ/ðx; zdyÞ; s : ðx; yÞ/ðzdnd2kx; zknd2kyÞ;
t : ðx; yÞ/ð1=x; y=xnÞ;
where zn ¼ expð2p=nÞ: Because r commutes with the involution t; r acts also on the
quotient curve Xd;n;k ¼ Cd;n;k=/tS: The quotient map
p : Cd;n;k-P1 ¼ Cd;n;k=/rS; ðx; yÞ/x
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induces the quotient map p0 :Xd;n;k-P1 ¼ Xd;n;k=/rS: Then the following diagram
is commutative.
ð2:2Þ
where e is the quotient map by the action of t; and g is deﬁned by x/x þ x1:
Moreover we have ts ¼ s1t; so sþ s1 commutes with t on the Jacobian JðCd;n;kÞ:
Therefore, we see that
Lemma 2.1. We have an automorphism r on Xd;n;k and an endomorphism sþ s1 on
JðXd;n;kÞ:
Let us write down an equation of Xd;n;k: Let Bd;n;k be the set of roots of x
nd2k þ
1 ¼ 0: Because the restriction of e over P1  f71g gives an e´tale double cover
p1ðP1  f71gÞ-ðp0Þ1ðP1  f72gÞ; Xd;n;k has an afﬁne model of the form
Y d ¼ ðX  2ÞaðX þ 2Þb
Y
ðX  xiÞ; d4a; bX0; ð2:3Þ
where xiAgðBd;n;kÞ and xia 2: Note that each element in the ﬁber p1ð1Þ is ﬁxed by
t: So ðp0Þ1ð2Þ consists of d distinct points, and we have b ¼ 0:
Lemma 2.2. The exponent a in (2.3) is 0 if n is even. In the case that n is odd, we have
a ¼ d=2 if d is even, and a ¼ ðd þ 1Þ=2 if d is odd.
Proof. If n is even, each element in the ﬁber p1ð1Þ is ﬁxed by t: So we have a ¼ 0
in this case. Now let n be an odd number. If d is odd, 1 is a branch point of p and
gðBd;n;kÞ consists of 2 and other ðnd  2k  1Þ=2 points. Because the branch divisor
of p0 has the multiplicity k atN; the degree of the branch divisor is
a þ ðnd  2k  1Þ=2þ k
and this must be divided by d: So a mod d is uniquely determined, and we see that
a ¼ ðd þ 1Þ=2 satisﬁes this condition and d4aX0: The same argument works for the
case that d is even. &
Next let us consider the polynomial
QðX  xiÞ: This is deﬁned over Z since this is a
product of minimal polynomials for algebraic integers in the real subﬁeld of
cyclotomic ﬁeld.
To compute this polynomial, let us consider the rational functions unðxÞ ¼
xn þ xn: These are determined inductively by unþ1ðxÞ ¼ X  unðxÞ  un1ðxÞ; where
X ¼ x þ x1: Therefore, we can regard unðxÞ as a polynomial in X and we denote
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this by UnðXÞ: Namely, UnðXÞAZ½X  is the monic polynomial of degree n
determined by the relation
Unþ1ðX Þ ¼ X  UnðX Þ  Un1ðXÞ; U1ðXÞ ¼ X ; U2ðXÞ ¼ X 2  2: ð2:4Þ
Lemma 2.3. The polynomial
QðX  xiÞ in (2.3) is given by Uðnd2kÞ=2ðXÞ if nd  2k is
even, and by Vðnd2k1Þ=2ðXÞ if nd  2k is odd where VmðXÞAZ½X  is the monic
polynomial of degree m defined by U2mþ1ðXÞ þ 2 ¼ ðX þ 2ÞVmðXÞ2:
Proof. In the case of nd  2k ¼ 2m; the assertion follows from that
Umðx þ x1Þ ¼ 03umðxÞ ¼ xm þ xm ¼ 03x2m þ 1 ¼ 0:
Next, let us consider the case of nd  2k ¼ 2m þ 1: We have
U2mþ1ðx þ x1Þ þ 2 ¼ 03 x2mþ1 þ x2m1 þ 2 ¼ 0
3 x4mþ2 þ 2x2mþ1 þ 1 ¼ 03ðx2mþ1 þ 1Þ2 ¼ 0:
On the other hand, we have x2mþ1 þ x2m1 þ 2 ¼ ð ﬃﬃﬃxp 2mþ1 þ ﬃﬃﬃxp 2m1Þ2 and
ﬃﬃﬃ
x
p 2mþ1 þ ﬃﬃﬃxp 2m1 ¼ð ﬃﬃﬃxp þ ﬃﬃﬃxp 1Þ X2m
j¼0
ð1Þ jð ﬃﬃﬃxp Þ jð ﬃﬃﬃxp 1Þ2mj
¼ð ﬃﬃﬃxp þ ﬃﬃﬃxp 1Þ X2m
j¼0
ð1Þ jx jm;
so U2mþ1ðx þ x1Þ ¼ ðx þ x1 þ 2ÞvmðxÞ2 with a rational function vmðxÞ in x:
Therefore, U2mþ1ðX Þ must be of the form ðX þ 2ÞVmðXÞ2: Now the assertion is
obvious. &
Summarizing, we proved that
Theorem 2.1. The curve Xd;n;k ¼ Cd;n;k=/tS is defined by
Y d ¼ Uðnd2kÞ=2ðX Þ ðn evenÞ;
Y d ¼ ðX þ 2Þd=2Uðnd2kÞ=2ðXÞ ðn odd; d evenÞ;
Y d ¼ ðX þ 2Þðdþ1Þ=2Vðnd2k1Þ=2ðXÞ ðn odd; d oddÞ
for nX1; d4kX0 and nd  2k40: The Jacobian JðXd;n;kÞ has an endomorphism m
induced from sþ s1AEndðJðCd;n;kÞÞ:
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Because we can identify the t-invariant subspace H0ðCd;n;k;O1Þt with
H0ðXd;n;k;O1Þ; we can compute the type of endomorphism m explicitly.
Example 2.1. Let p43 be an odd prime number. Consider the hyperelliptic curve
C2;pþ1;1 : y2 ¼ xðx2p þ 1Þ:
The vector space H0ðC2;pþ1;1;O1Þt has the following base:
ð1 x p1Þ dx=y; ðx  x p2Þ dx=y;y; ðxðp3Þ=2  xðp1Þ=2Þ dx=y:
Let s be the automorphism ðx; yÞ/ðz2px; zpyÞ: Above 1-forms correspond to
eigenvectors of m ¼ sþ s1 with eigenvalues
zp þ z1p ; z2p þ z2p ;y; zðp3Þ=2p þ zðp1Þ=2p
changing orders if necessary.
Also the automorphism r : ðx; yÞ/ðx; z4yÞ induces an action on X2;pþ1;1; and we
see that r and m give a simple CM-type, that is
EndðJðX2;pþ1;1ÞÞ#Q ¼ Qðz4; zp þ z1p Þ:
In the case of p ¼ 7; the curve X2;8;1
Y 2 ¼ U7ðX Þ ¼ XðX 6  7X 4 þ 14X 2  7Þ
is found in .
Example 2.2. Next, we consider the hyperelliptic curve C2;n;0 : y
2 ¼ x2n þ 1 for an
odd number n ¼ 2m þ 1: Let Cn be the hyperelliptic curve deﬁned by y2 ¼ xn þ 1:
Then we have a morphism
p :C2;n;0-Cn; ðx; yÞ/ðx2; yÞ
and a decomposition H0ðC2;n;0;O1Þ ¼ pH0ðCn;O1Þ"V: Let us take a base
ji ¼ x2iþ1 dx=y ði ¼ 0;y; m  1Þ
of pH0ðCn;O1Þ; and a base
ci ¼ x2i dx=y ði ¼ 0;y; m  1Þ
of V: Then fji  c2migi¼0;y;m1 gives a base of H0ðCn;O1Þt: Thus we have
JðC2;n;0ÞBJðCnÞ2 and JðCnÞBJðX2;n;0Þ (isogenous).
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Example 2.3. Let us consider the curve
C3;3;1 : y
3 ¼ xðx7 þ 1Þ: ð2:5Þ
The trigonal curve X3;3;1
Y 3 ¼ ðX þ 2Þ2V3ðXÞ ¼ ðX þ 2Þ2ðX 3  X 2  2X þ 1Þ
gives an example of a Picard curve (see [3]) of CM-type. The Jacobian has the
endomorphism ring EndðJðX3;3;1ÞÞ#Q ¼ Qðz3; z7 þ z17 Þ: Putting
X ¼ 2x=ð7 xÞ; Y ¼ 14y=ð7 xÞ2;
we obtain a smooth model
2y3 ¼ x4  72  2x2 þ 72  23x  73: ð2:6Þ
In [5], we found a Picard curve
y3 ¼ x4  72  2x2 þ 72  23x  73: ð2:7Þ
These curves are isomorphic over a ﬁeld containing a cubic root of 2. Note that the
Jacobian JðC3;3;1Þ is isogenous to the product JðX3;3;1Þ2  E with an elliptic curve E:
To see this, note that we have a non-trivial morphism
C3;3;1-E; ðx; yÞ/ðt; sÞ ¼ ðx7; y7=ðx7 þ 1Þ2Þ
to a CM elliptic curve E : s3 ¼ tðt þ 1Þ: A base of H0ðC2;pþ1;1;O1Þt is given by
ð1 xÞ dx=y; ð1 x4Þ dx=y2; ðx  x3Þ dx=y2
and they are eigenvectors for the action of z7 þ z17 : The 1-eigenspace of
H0ðC2;pþ1;1;O1Þ for the action of t is given by
ð1þ xÞ dx=y; ð1þ x4Þ dx=y2; ðx þ x3Þ dx=y2
and x2 dx=y2 (this 1-form is pulled back from E). Considering the CM-type, we see
that JðC3;3;1ÞBJðX3;3;1Þ2  E: The CM-type of JðX3;3;1Þ is simple (cf. p. 22).
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3. Computation of the zeta function of C3;3;1
3.1.
We would like to compute the local zeta-function
ZC;pðtÞ ¼ exp
XN
r¼1
#CðFprÞ
r
tr
 !
for the curves C3;3;1 given by Eq. (2.5) and X3;3;1 given by Eq. (2.6) at primes pa3; 7:
It is well known that we can write
ZC3;3;1ðtÞ ¼
LC3;3;1ðtÞ
ð1 tÞð1 ptÞ and ZX3;3;1ðtÞ ¼
LX3;3;1ðtÞ
ð1 tÞð1 ptÞ;
where LC3;3;1ðtÞ resp. LX3;3;1ðtÞ is the L-polynomial of C3;3;1 resp. X3;3;1: The reciprocal
of the L-polynomial of a curve is the characteristic polynomial of the Frobenius
endomorphism on its Jacobian.
It is well known that the L-polynomial of a curve C is of degree 2g and has a
special form, i.e. it satisﬁes LðtÞ ¼ a0 þ a1t þ?þ a2gt2gAZ½t with a2g1 ¼ pgiai for
0pipg and a0 ¼ a2g ¼ 1: It is therefore determined by the g coefﬁcients a1;y; ag
which can be determined from the number of points #CðFprÞ for r ¼ 1;y; 7:
Let Sr ¼ #CðFprÞ  ðpr þ 1Þ and ai be the undetermined coefﬁcients. We have
a1 ¼ S1; ai ¼ 1=i Si þ
X
jþk¼i;1pj;kpi1
akSj
 !
:
In this section, we compute LC3;3;1 and LX3;3;1 using Jacobi sums.
For aAFq; we set
eðaÞ ¼ exp 2pi TrFq=Fpa
p
 
:
Let w be a character on the ﬁnite ﬁeld Fq: The Gauss sum (resp. Jacobi sum) is
deﬁned by
tðwÞ ¼ t1ðwÞ ¼ 
X
aAFq
wðaÞeðaÞ resp: Jðws; wtÞ ¼ 
X
a
wsðaÞwtð1 aÞ:
We have the relation
Jðws; wtÞ ¼ tðw
sÞtðwtÞ
tðwsþtÞ :
Some Jacobi sums are easy to compute.
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Lemma 3.1 (Berndt [1, Theorem 11.6.1]). Let w be character of order m in Fp2t with
p42 and suppose that pt  1 mod m for some positive integer t: Then
pttðwÞ ¼
1 if p ¼ 2;
ð1Þ
ptþ1
m if p42:
(
3.2.
We are now going to compute the number of points on C3;3;1ðFqÞ over ﬁnite ﬁelds
Fq: We reduce our problem to counting the number of points of curves of the form
a1x
n1
1 þ a2xn22 ¼ a3: These curves have already been considered by Davenport and
Hasse [2].
Lemma 3.2. Let q be a prime power.
1. Suppose q  2 mod 3; then #C3;3;1ðFqÞ ¼ #X3;3;1ðFqÞ ¼ q þ 1:
2. Let q ¼ pr; q  1 mod 3 but qc1 mod 7: We distinguish two cases:
(a) p  1 mod 3: Then
#C3;3;1ðFqÞ ¼ q þ 1 pr  %pr;
where p %p ¼ p and p ¼ a þ bz3  1 mod 3 in Z½z3; z23 þ z3 þ 1 ¼ 0:
(b) p  2 mod 3: Then
#C3;3;1ðFqÞ ¼
pr þ 1 if r odd;
pr þ 1 2ðpÞr2 if r even:
(
Proof. (1) Obvious, since every element in Fq is a third power of a unique element
in Fq:
(2) Let x be a generator of Fq: By Lemma 1 in [4], the number of afﬁne solutions in
Fq of the equation y
3 ¼ x8 þ x is equal to
N ¼ 1
3
ðjA11j þ jAxx2 j þ jAx2xjÞ;
where
AZ1Z2 ¼ fðt; uÞAFq  FqjZ71t21 þ 1 ¼ Z2u3g:
Since qc1 mod 7; the map t-t7 is an isomorphism and we are looking for the points
on the afﬁne part of the elliptic curves EZ1Z2 given by Z
7
1t
3 þ 1 ¼ Z2u3 resp. Z71t3 þ
Z2u
3 ¼ 1:
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For an elliptic curve deﬁned over a prime ﬁeld Fp; the number of points over Fpr is
already determined by #EðFpÞ:
If pc1 mod 3; all three elliptic curves obtained from A11; Axx2 and Ax2x are
supersingular. Hence, #C3;3;1ðFqÞ is equal to the number of points of a supersingular
elliptic curve.
Now assume that p  1 mod 3: We apply the technique explained in [7, Section
10.3].
Embed Fp into Z½z3=ðpÞ where pAZ½z3 is an element above p satisfying
p  1 mod 3: Let w be the character of order 3 given by the cubic residue symbol
ð :pÞ3: We get
jA11j ¼
X
aþb¼1
X2
j¼0
w jðaÞ
X2
k¼0
wkðbÞ ¼
X2
j¼0
X2
k¼0
X
aþb¼1
w jðaÞwkðbÞ
¼
X2
j¼0
X2
k¼0
X
aAFp
w jðaÞwkð1 aÞ ¼ 
X2
j¼0
X2
k¼0
Jðw j; wkÞ
¼ q 
X2
j¼1
X2
k¼1
Jðw j ; wkÞ ¼ q  2 Jðw; wÞ  Jðw2; w2Þ:
Now Jðw; wÞ ¼ p [7, Proposition 7.5].
Similar computations show that jAxx2 j ¼ jAx2xj ¼ q þ 1 Jðw; wÞ  Jðw2; w2Þ:
Hence, the assertion follows.
Note that we can do the same computation for q with pc1 mod 3: This
shows that
Jðw; wÞ þ Jðw2; w2Þ ¼ 2ðpÞr ð3:1Þ
for q ¼ p2r with pc1 mod 3: We will use this observation later. &
Theorem 3.1. Finally, let q  1 mod 21: Let c be a character of order 21 on Fq and set
Z ¼ Jðc7;cÞ: We have
#C3;3;1ðFqÞ ¼ q þ 1 TrQðz21Þ=QðZÞ  Jðc7;c7Þ  Jðc14;c14Þ:
Proof. We follow very closely the proof of Proposition 3 in [4].
Let x be generator of Fq: Again we form the sets AZ1Z2 for ðZ1; Z2Þ ¼
fð1; 1Þ; ðx; x2Þ; ðx2; xÞg:
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By the theorem of Davenport–Hasse [2] the number of solutions of the equation
a1u
3 þ a2t21 ¼ a3 in Fq is given by
Nða1; a2; a3Þ ¼ q  w  a1
a2
 
 w2  a1
a2
 

X
1pnp2
X
1pmp20
ta1ðc7nÞta2ðcmÞ
ta3ðc7nþmÞ
;
where txðcÞ ¼ 
P
aAFq cðaÞexðaÞ:
We deduce
jA11j ¼ Nð1; 1;1Þ ¼ q  2
X20
m¼1;ma14
t1ðc7Þt1ðcmÞ
t1ðc7þmÞ

X20
m¼1;ma7
t1ðc14Þt1ðcmÞ
t1ðc14þmÞ
;
jAxx2 j ¼Nðx2; x7;1Þ ¼ q þ 1
X20
m¼1;ma14
tx2ðc7Þtx7ðcmÞ
t1ðc7þmÞ

X20
m¼1;ma7
tx2ðc14Þtx7ðcmÞ
t1ðc14þmÞ
and
jAx2xj ¼ Nðx; x14;1Þ ¼ q þ 1
X20
m¼1;ma14
txðc7Þtx14ðcmÞ
t1ðc7þmÞ

X20
m¼1;ma7
tx2ðcf14gÞtx14ðcmÞ
t1ðc14þmÞ
:
Hence,
jA11j þ jAxx2 j þ jAx2xj ¼ 3q

X20
m¼1;ma14
t1ðc7Þt1ðcmÞ þ tx2ðc7Þtx7ðcmÞ þ txðc7Þtx14ðcmÞ
t1ðc7þmÞ
 !

X20
m¼1;ma7
t1ðc14Þt1ðcmÞ þ tx2ðc14Þtx7ðcmÞ þ txðx14Þtx14ðcmÞ
t1ðc14þmÞ
 !
:
Since cð1Þ ¼ 1; we get t1ðcsÞ ¼ t1ðcsÞ and using tdðcÞ ¼ c1ðdÞtðcÞ we ﬁnd
t1ðc7Þt1ðcmÞ þ tx2ðc7Þtx7ðcmÞ þ txðc7Þtx14ðcmÞ
¼ tðc7ÞtðcmÞð1þ wm2 þ w2ðm2ÞÞ
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and
t1ðc14Þt1ðcmÞ þ tx2ðc14Þtx7ðcmÞ þ txðc14Þtx14ðcmÞ
¼ tðc14ÞtðcmÞð1þ wm1 þ w2ðm1ÞÞ;
where w ¼ c7ðxÞ is a third root of unity.
Therefore,
1
3
ðjA11j þ jAxx2 j þ jAx2xjÞ
¼ q  Jðc7;c7Þ  Jðc14;c14Þ 
X6
i¼0
Jðc7;c3iþ1Þ

X6
i¼0
Jðc14;c3iþ2Þ: ð3:2Þ
The Galois group of the ﬁeld extension Qðz21Þ is generated by two elements A; B of
order six resp. two, say zA21 :¼ z521 and zB21 :¼ z821: We easily see that the 12 elements
Jðc7i;ckÞ with 7[k in (3.2) are conjugate over Qðz21Þ and the result follows. &
Corollary 3.1. For p  5; 17 mod 21 we get
LC3;3;1ðtÞ ¼ 1þ pt2 þ 2p3t6 þ 2p4t8 þ p6t12 þ p7t14
¼ðp2t4  pt2 þ 1Þ2ðpt2 þ 1Þ3:
Proof. Using Lemma 3.2 we get S1 ¼ S3 ¼ S5 ¼ S7 ¼ 0; S2 ¼ 2p and S4 ¼ 2p2:
From Lemma 3.1, observation (3.1) and the fact that p3 þ 1  0 mod 42 we deduce
S6 ¼ 14p3: &
3.3.
Let us consider the Jacobi sum Jðc7;cÞ more closely.
Theorem 3.2. Let q ¼ pr  1 mod 21 and let c be a character of order 21 in Fq:
Suppose that n is the smallest integer such that pn  1 mod 21:
(1) The absolute value of every Jacobi sum is
ﬃﬃﬃ
q
p
:
(2) There exists a prime ideal p above p in Z½z21 such that we have the following prime
ideal decomposition:
Jðc7;cÞZ½z21 ¼ ðppA4pA5pABpA2BpA3BÞ
r
n;
where A and B have been defined in the proof of Theorem 3.1.
Moreover, NormQðz21Þ=Qðz3;
ﬃﬃﬃﬃ7p ÞðJðc7;cÞÞ ¼ qJðc7;c7Þ:
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(3) Let p7 be a prime ideal in Qðz21Þ lying above 7. We get
Jðc7;cÞ  1 mod ð1 z721Þ and Jðc7;cÞ  Jðc7;c7Þmod p7:
Properties (1)–(3) determine Jðc7;cÞ (up to conjugation in Qðz21Þ) uniquely.
Proof. 1. Well-known fact on Jacobi sums ([2, Eq. (4.2)]).
2. By Stickelberger’s theorem (see e.g. [1, Chapter 11.2]), the decomposition of the
Jacobi sum is given by
Jðc7;cÞZ½z21 ¼
Y
J
pdð7j;jÞj
 !r
n
;
where J runs through all automorphisms of Qðz21Þ (where s : z/zk is identiﬁed with
kAðZ=21ZÞ), j ¼ J1 mod 21 and d is given by
dð7j;jÞ ¼ rð7jÞ þ rðjÞ  rð8jÞ
21
;
where rðxÞ is the smallest non-negative residue of x mod 21: Both assertions follow
from straight forward calculations.
3. By Theorem 2.1.7 in [1] we have Jðc7;cÞ  q mod ð1 z721Þ: The prime ideal (7)
is the sixth power of a product of two prime ideals in Qðz21Þ: Let p7 be a prime ideal
lying above 7. Using the Frobenius in Z½z21=p7CF7 we get
Jðc7;cÞ ¼ 
X
aAFq
c7ðaÞcð1 aÞ
 
X
aAFq
c7ðaÞc7ð1 aÞmod p7
 Jðc7;c7Þmod p7:
Property (2) ﬁxes Jðc7;cÞ up to units, Property (1) ﬁxes it up to roots of unity and
Property (3) ﬁxes the root of unity, since 1 is the only root of unity in Qðz21Þ
congruent to 1 mod ð1 z721Þp7: &
Corollary 3.2. Let p be a prime.
1. If p  2; 11 mod 21; we have
LC3;3;1ðtÞ ¼ 1þ pt2 þ 2p3t6 þ 2p4t8 þ p6t12 þ p7t14:
¼ðp2t4  pt2 þ 1Þ2ðpt2 þ 1Þ3:
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2. If p  8; 20 mod 21; we have
LC3;3;1ðtÞ ¼ p7t14 þ 7p6t12 þ 21p5t10 þ 35p4t8
þ 35p3t6 þ 21p2t4 þ 7pt2 þ 1 ¼ ð1þ pt2Þ7:
Proof. 1. We have S1 ¼ S3 ¼ S5 ¼ S7 ¼ 0 and S2 ¼ 2p; S4 ¼ 2p2: By Theorem 3.2,
A3B ﬁxes the ideal generated by Z ¼ Jðc7;cÞ: Moreover, every prime ideal above p is
ﬁxed by A4B ð 2 mod 21Þ resp. A2B ð 11 mod 21Þ: Hence ðZÞZ½z21 ¼ ðp3ÞZ½z21
and using part 3 of Theorem 3.2 we get S6 ¼ 14p3:
2. This can be shown analogously to part 1 and is left to the reader. &
Corollary 3.3. Let p be a prime such that p  1 mod 3 and let p be an element in Z½z3
such that p %p ¼ p and p  1 mod 3: Let aAZ½z3 be an element of norm 7 (e.g.
a ¼ 2þ ﬃﬃﬃﬃﬃﬃ3p ) and z3 be a fixed third root of unity. Define k mod 3 by
p
%p
¼ z
k
3 mod a if p  2; 4 mod 7;
zk3 mod a if p  3; 5 mod 7:
(
ð3:3Þ
1. Suppose p  4; 16 mod 21: Then
LC3;3;1ðtÞ ¼ ðpt2  ðpþ %pÞt þ 1Þ  ðp3t6  pðzk3pþ zk3pÞt3 þ 1Þ2:
2. Suppose p  10; 19 mod 21:
LC3;3;1ðtÞ ¼ ðt2p  ðpþ %pÞt þ 1Þ
 ðp3t6  pðzk3pþ zk3pÞt3 þ 1Þðp3t6 þ pðzk3pþ zk3pÞt3 þ 1Þ:
Proof. (1) Let c be a character of order 21 in Fp3 such that c
7 ¼ w3NF
p3
=Fp where w is
the character given by the cubic residue symbol ð pÞ3: We have Si ¼ pi  %pi for
i ¼ 1; 2; 4; 5; 7 and Sj ¼ p j  %p j  TrQðz21Þ=QZ j=3 for j ¼ 3; 6 and Z ¼ Jðc7;cÞ: By
Theorem 3.2 we get ðZÞZ½z21 ¼ ðppÞZ½z21: Using Corollary 4.33 and Proposition
7.5. in [7] we ﬁnd Jðc7;c7Þ ¼ p3: Hence, Jðc;c7Þ  p3 mod p7 by Theorem 3.2. So
we are looking for a unit eAf7zk3 : k ¼ 0; 1; 2g such that epp  p3 mod p7 or
analogously p= %p  emod p7: Since p is a square modulo 7, p= %p is of the form zk3 for
some kAf0; 1; 2g: We then choose Z ¼ epp and ﬁnd Sj ¼ p j  %p j 
6p j=3ððzk3pÞ j=3 þ ðzk3pÞ
j=3Þ for j ¼ 3; 6 and k given as above.
(2) Similar to (1) and left to the reader. &
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Corollary 3.4. Let K ¼ Qðz3; z7 þ z17 Þ and let p  1 mod 21 (resp. p  13 mod 21)
and let Z be an integer in K such that Z%Z ¼ p (resp. Z%Z ¼ p2). Let pAZ½z3; p 
1 mod 3; be such that pp generates the ideal NormK=Qðz3ÞðZÞ (resp. p2p2 generates the
ideal NormK=Qðz3ÞðZ2Þ). After multiplying Z by a suitable root of unity we may assume
that Z  1 mod ð1 z3Þ and Z  pmod p7 (resp. Z2  1 mod ð1 z3Þ and
Z2  p2 mod p7) where p7 is any prime lying above 7 in K : Let fZig be the set of
Galois conjugates of Z:
1. If p  1 mod 21; then
LC3;3;1ðtÞ ¼ ð1 ptÞð1 %ptÞ
Y6
i¼1
ð1 ZitÞ2:
2. If p  13 mod 21; then
LC3;3;1ðtÞ ¼ ð1 ptÞð1 %ptÞg1ðtÞg1ðtÞ;
where g1ðtÞ ¼
Q6
i¼1 ð1 ZitÞ:
Proof. 1. The reciprocals of the zeros of the L-polynomial are the numbers aj of
absolute value
ﬃﬃﬃ
p
p
such that
Nr ¼ qr  1 Sr ¼ qr þ 1
X14
j¼1
arj :
We have
Si ¼ pi  %pi 
X12
j¼1
ðZsj Þi:
The ﬁrst equation follows. The Jacobian over Q has a factor of dimen-
sion 6 (see Example 2.3). Since this factor has CM by K ¼ Qðz3; z7 þ z17 Þ; Z lies
in K :
The conditions on Z follow from Theorem 3.2.
2. We have Si ¼ pi  %pi for i ¼ 1; 3; 5; 7 and Si ¼ pi  %pi  Ti for i ¼ 2; 4; 6 for
some integers Ti and p with p %p ¼ p: Plugging this into the formula for the
computation of LC3;3;1ðtÞ we ﬁnd
LC3;3;1ðtÞ ¼ ð1 ptÞð1 %ptÞfevenðtÞ;
where fevenðtÞ is an even polynomial.
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Set Z2 ¼ Jðx7; xÞ as in Theorem 3.1. We have fevenðtÞ ¼ gðt2Þ where gðZ2Þ ¼ 0:
Since the Jacobian over Q has a factor of dimension 6 with CM by K ; every root of
fevenðtÞ lies in K :
The conditions on Z follow from Theorem 3.2. &
The next theorem summarizes our results on the L-polynomial of C3;3;1 and
considers the L-polynomial of the curve X3;3;1:
Theorem 3.3. Let K be as above and pa3; 7 be a rational prime. If p splits in Qðz3Þ; let
pAZ½z3 such that p %p ¼ p and p  1 mod 3: Moreover, define k mod 3 as in Eq. (3.3).
Set
L1ðtÞ ¼ pt2 þ 1;
L2ðtÞ ¼ p2t4  pt2 þ 1;
L3ðtÞ ¼ pt2  ðpþ %pÞt þ 1;
L4ðtÞ ¼ p3t6  pðzk3pþ zk3pÞt3 þ 1;
L5ðtÞ ¼
Y6
i¼1
ð1 ZitÞ
with Zi as in Corollary 3.4. For the L-polynomial of the curve C3;3;1 we get
p mod 3 p mod 7 LC3;3;1
2 72;74 L1ðtÞ3L2ðtÞ2
2 71 L1ðtÞ7
1 2;4 L3ðtÞL4ðtÞL4ðtÞ
1 2; 4 L3ðtÞL4ðtÞ2
1 1 L3ðtÞL5ðtÞL5ðtÞ
1 1 L3ðtÞL5ðtÞ2:
The L-polynomial of the curve X3;3;1 is given as follows
p mod 3 p mod 7 LX3;3;1
2 72;74 L1ðtÞL2ðtÞ
2 71 L1ðtÞ3
1 72;74 L4ðtÞ
1 71 L5ðtÞ:
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Proof. This follows easily from the local L-series of C3;3;1: For (3), p  10; 19 mod 21
and (4), p  13 mod 21 we use the fact that the local L-series evaluated at 1 gives
the order of group of Fp-rational points on the Jacobian which must be divisible
by 27 (see also Remark 4.6). This tells us which factor of LC3;3;1ðtÞ we have to
take. &
4. The Hecke character of X3;3;1
4.1.
It is well known that the L-function of an abelian variety with CM is the L-
function of a Hecke character (cf. [6]). In particular, if the abelian variety is the
Jacobian of a curve, one ﬁnds the number of points on that curve over ﬁnite ﬁelds
with very little effort. We will determine the Hecke character associated to A ¼
JacðX3;3;1Þ explicitly and use it to determine the zeta function of X3;3;1: The values of
the Hecke character are essentially Jacobi sums, and we already considered that
point of view in the previous section.
4.2.
A basis of H0ðX3;3;1;O1ÞDH0ðC2;pþ1;1;O1Þt is given by
ð1 xÞ dx=y; ð1 x4Þ dx=y2; ðx  x3Þ dx=y2:
The automorphism of order three ðx; yÞ/ðx; z3yÞ acts as diagðz23; z3; z3Þ: The
endomorphism m ¼ sþ s1 of A ¼ JacðX3;3;1Þ is induced by the automorphism s of
C3;3;1 given by ðx; yÞ/ðz37x; z7yÞ; thus m acts as diagðz27 þ z27 ; z7 þ z17 ; z37 þ z37 Þ:
These endomorphisms of A generate a ring isomorphic to the ring of integers OK ¼
Z½z3; z7 þ z17  where
K ¼ Qðz3; aÞ; a ¼ z7 þ z17 ;
thus K is CM ﬁeld of degree 6 over Q with totally real subﬁeld K0 ¼ QðaÞ: The
minimum polynomial of a is X 3 þ X 2  2X  1:
Let Sq ¼ f1; 4; 2gCðZ=7ZÞ be the subgroup of squares, then the Galois group
GK ¼ GalðK=QÞDðZ=3ZÞ  Sq acts as
sða;bÞ : K-K ; z3/z
a
3; a ¼ z7 þ z17 /zb7 þ zb7 :
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Embedding K+C by z7/e2pi=7; the set of complex embeddings of K is identiﬁed
with GK by K !s K+C: The CM type of A is then the subset
S ¼ fs1 ¼ ð1; 1Þ; s2 ¼ ð2; 2Þ; s3 ¼ ð1; 4Þg ðCGK ¼ ðZ=3ZÞ  SqÞ:
It is easy to verify that this CM type is simple.
The curve X3;3;1 has good reduction away from 3 and 7 and in OK we have
ð3Þ ¼ Y23; ð7Þ ¼ Y37;1Y37;2
with prime ideals Y3 ¼ ð1 z3Þ; Y7;1 ¼ ð2 z3; 2 aÞ; Y7;2 ¼ ð4 z3; 2 aÞ:
4.3.
We brieﬂy recall how to ﬁnd the Frobenius endomorphism FrY of AY at a
prime of good reduction Y of A: Here AY is the abelian variety over the ﬁnite
ﬁeld O=Y which is the reduction of A at Y: Since OK is a principal ideal domain,
we can choose a generator pY for each prime ideal Y in OK : Let oi; i ¼ 1; 2; 3; be a
basis of the regular 1-forms of AY on which xAOK acts as xoi ¼ siðxÞoi; such a
basis can be obtained by reduction modY of a basis of 1-forms of A: Note that
xoi ¼ 0 if siðxÞAY: Thus the element
Q
j s
1
j ðpYÞAOK acts trivially on the 1-forms.
This implies that it is an inseparable endomorphism. The degree of this
endomorphism is NK=QðpYÞ3; which is also the degree of FrY: Therefore, FrY ¼
u
Q
j s
1
j ðpYÞ where u is some automorphism of AY: The theory of complex
multiplication (which uses results from class ﬁeld theory) allows one to determine
FrY precisely.
4.4.
The Hecke character w of K which describes the action of GalðQ=KÞ on the ﬁrst
e´tale cohomology group of A is a homomorphism
w :AK-K
; wðy; xY;yÞ ¼
Y
Y
wYðxYÞ;
where AK are the ideles of K (the restricted product of the K

Y) and the product is
taken over all places of K : A Hecke character is trivial on K+AK (diagonal
embedding).
The main result of complex multiplication is that for a prime Y where A has good
reduction AY the Frobenius endomorphism FrYAOKCEndðAYÞ is given by
FrY ¼ wð1;y; 1; pY; 1;yÞ;
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where the idele ð1;y; 1; pY; 1;yÞ has all components equal to one except at the
place Y where pY is a(ny) generator of the maximal ideal of the local ring OY: The
Hecke character is unramiﬁed outside the places of bad reduction, which are
the primes dividing 21, hence if Y does not divide 21 then wY is trivial on the units of
the local ring OY of the local ﬁeld KY:
As before, we choose a generator pYAOK for each prime ideal Y: Then for any
idele x ¼ ðxYÞ there is an element xxAK; unique up to a unit of OK ; such that xxxY is
in OY for all ﬁnite places. Hence w is determined by the inﬁnity and the ramiﬁed
components:
wðxÞ ¼ wðxxxÞ ¼
Y
sjN
wsðxYxxÞ
0
@
1
A Y
Yj21
wYðxYxxÞ
0
@
1
A:
Thus w is determined by the inﬁnity components and the restrictions of the wY to O

Y
for Yj21:
From the discussion in Section 4.3 it follows that the inﬁnity component ws is non-
trivial only if s1AS; the CM type of A; and then ws1ðxsÞ ¼ s1ðx1s Þ: In our case it
is easy to see that
Q
s1i ðxÞ ¼
Q
siðxÞ for all xAK ; hence we will omit the inverse on
the si from now on. The Frobenius elements are then given by
FrY ¼ wð1;y; 1; pY; 1;yÞ
¼ wðp1Y ;y; p1Y ; 1; p1Y ;yÞ
¼ wY3ðp1Y ÞwY7;1ðp1Y ÞwY7;2ðp1Y Þ
Y
sAS
sðpYÞ
(so we took xx ¼ p1Y ). The fact that xx is unique up to a unit of OK implies that
wY3ðu1ÞwY7;1ðu1ÞwY7;2ðu1Þ
Y
sAS
sðuÞ ¼ 1 8uAOK :
Note that for uAOK0 we have
Q
sAS sðuÞ ¼ NK0=QðuÞ ¼71; hence it is not so
surprising that Hecke characters actually exist. The continuity of w implies that the
wY take values in the subgroup of roots of unity of K
 which is the group of order six
generated by o :¼ z3:
At this point it is natural to deﬁne a homomorphism
c : K-K; x/wY3ðx1ÞwY7;1ðx1ÞwY7;2ðx1Þ
Y
sAS
sðxÞ:
Then we have
FrY ¼ cðpYÞ; cðuÞ ¼ 1
for all units uAOK : We will determine c explicitly using these conditions.
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4.5.
To determine the wY we note that any homomorphism ðOK=Yk3Þ-Z=6Z is
trivial on the subgroup of elements  1 mod 3 (consider the Y3-adic valuation
of ð1þ 3xÞ3), hence it factors over ðOK=Y23Þ: This group has 36  1 elements,
it has a subgroup of 33  1 ¼ 26 elements which is ðOK0=ð3ÞÞ: This subgroup
maps isomorphically onto ðOK=Y3Þ under the homomorphism below. The
subgroup
ðOK=Y23Þ1 :¼ kerððOK=Y23Þ-ðOK=Y3ÞÞ
has order 33 and every element is 3-torsion, hence this subgroup is isomorphic to
ðZ=3ZÞ3: To be explicit, any element in ðOK=Y23Þ1 can be written uniquely as xa;b;c ¼
1þ ða þ baþ ca2Þð1 z3Þ with a; b; cAZ=3Z and any xAðO=Y23Þ as x1xa;b;c with
x1AðOK0=ð3ÞÞ: Then
wY3ðxÞ ¼ eðxÞzkaþlbþmc3 ; x ¼ x1ð1þ ða þ baþ ca2Þð1 z3ÞÞ;
where e is either trivial or is onto f71g and eðxÞ ¼ eðx1Þ:
Similarly, but easier, any homomorphism ðOK=Yk7;iÞ-Z=6Z factors over the
cyclic group ðOK=Y7;iÞDZ=6Z: We will ﬁx an isomorphism ðOK=Y7;iÞ ¼
ðZ=7ZÞDZ=6Z using the generator 3 of ðZ=7ZÞ: Then the characters are
determined by elements niAZ=6Z as follows:
ðwY7;1wY7;2ÞðxÞ ¼ od1n1þd2n2 x  ðod1 ;od2ÞAðOK=Y7;1Þ
  ðOK=Y7;2Þ;
when the image of x in ðOK=Y7;iÞ is 3di :
Lemma 4.1. With the notation above, the characters wY3 ; wY7;1 and wY7;2 are
determined by
k ¼ 0; l ¼ m ¼ 2; n1 ¼ 4; n2 ¼ 2
and the character e is non-trivial.
Proof. To determine e and k; l; m; n1; n2 from 4.5 we ﬁrst consider a prime p 
8; 20 mod 21; such a prime splits as
ðpÞ ¼ Y1Y2Y3 p  8; 20 mod 21:
Since ðpÞ already splits in OK0 ; also a principal ideal domain, we can choose a
generator pAOK0 for the ideal Y1COK : Then wY3ðpÞ ¼ eðpÞ: Since aAOK0 maps
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to 2; a generator ðZ=7ZÞ; we may assume (after multiplying p by a power of the
unit a) that wY7;iðpÞ ¼ 1 for i ¼ 1; 2: (One may take p ¼ 29; p ¼ a2ð2 2aþ a2Þ for
example). Then we get
cðpÞ ¼ eðpÞNK=K0ðpÞ ¼ eðpÞNK=K0ðpÞ ¼ eðpÞNK=K0ðpÞ;
the second equality holds because the character c is trivial on units, so cð1Þ ¼ 1:
Hence, e must be the non-trivial character on ðOK=Y3Þ:
Next, we exploit that c must be trivial on units of OK : Since eð1Þ ¼ 1; eðaÞ ¼ 1
(since a  ða a2Þ2 modY3) and NK0=QðaÞ ¼ 1 we ﬁnd:
1 ¼ wð1Þ ¼ ð1Þz03o3n1þ3n2ð1Þ; 1 ¼ wðaÞ ¼ z03o4n1þ4n2
hence n1  n2 mod 2 and n1  n2 mod 3; hence n1  n2 mod 6; so we may take
n2 ¼ n1 from now on. Next, we consider
1 ¼ wðz3Þ ¼ zk3ðz3Þ4n1þ2n2z3 %z3z3 ¼ zkþn1þ2n2þ13 ;
hence k  n1 þ 1  0 mod 3:
We can also use the action of the Galois group to get restrictions on c: For
example if a prime p splits completely, and if Y is prime dividing p; then sa;bðcðpYÞÞ
must be a Galois conjugate of cðpYÞ (both are roots of the characteristic polynomial
of the Frobenius x/x p), hence, considering the inﬁnity type, sa;bðcðpYÞÞ ¼
cðsa;bðpYÞÞ: If sa;b is trivial on Qðz3Þ (so a ¼ 1), then it acts trivially on the values of
wY3 and wY7;i ; and it acts trivially on O=Y7;i: However, it acts non-trivially on
ðO=Y23Þ1: As s1;2ða þ baþ ca2Þ ¼ a þ b þ 2caþ ðb þ 2cÞa2 mod 3; we get ka þ bl þ
cm ¼ kða þ bÞ þ 2lc þ mðb þ 2cÞ; this must hold for all a; b; c; hence k  0 and l 
m mod 3:
Finally, we can use explicit computations to determine c: We considered some
primes p  1; 13 mod 21 which split completely in OK : LetY be prime dividing such a
p; then we have
Np :¼ xX3;3;1ðFpÞ ¼ 1 trK=QðFrYÞ þ p:
Taking p ¼ 43; we counted points and found N43 ¼ 62: We also found that 1 a
z3 has norm 43 hence generates a prime ideal Y dividing 43. Therefore, we must have
trK=Qðcð1 a z3ÞÞ ¼ 18:
On the other hand, computing the character gives
cð1 a z3Þ ¼ ð1Þzklm3 ðz3Þ2n1þ4n2ð4 aþ 3a2 þ ð9 2aþ 3a2Þz3Þ:
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Here, we must have that the trace of cð1 a z3Þ is 18: Using the previous results,
this is the case iff
zlþn13 ¼ 1; hence l þ n1  0 mod 3;
using also n1  1 mod 3 we get l  2 mod 3 and n1 ¼ 1 or n1 ¼ 4 mod 6: Using the
prime Y ¼ ðaþ z3Þ over 13 and N13 ¼ 8 we found that n1 ¼ 4 and n2 ¼ 2; which
completes the determination of c: &
4.6. Remark
The Y3-torsion points A½Y3 of A form a subgroup of AðKÞ isomorphic to
O=Y3ðDF33 ). The divisor class a ¼ P  Q; where P ¼ ð0; 0Þ; Q ¼ ðx0; 0ÞAX3;3;1ðKÞ;
with x0a0; is a non-trivial element in this group. Using the OK -action on A we see
that all points of A½Y3 are indeed rational over K : This implies that FrY  1 modY3
for any prime of Y of good reduction.
4.7.
To determine the local zeta function of X3;3;1 at the prime p; it sufﬁces to give the
eigenvalue polynomial PpAZ½T  of the Frobenius Fp : x/x p; in fact:
LX3;3;1ðtÞ ¼ p3t6Ppðt1Þ:
Let NK=QðYÞ ¼ pn; then F np ¼ FrY ¼ cðpYÞ and we have
PpðTÞ ¼
Y
Yjp
ðTn  cðpYÞÞ:
In case p  1; 13 mod 21; the ideal ðpÞ splits completely in OK ; hence
PpðTÞ ¼
Y
Yjp
ðT  cðpYÞÞ ðp  1; 13 mod 21Þ;
hence LX3;3;1ðtÞ ¼
Q
Yjp ð1 cðpYÞtÞ: We also have cðpYÞ ¼ FrY  1 modY3 (and
Y3 ¼ ð1 z3Þ) for all Y dividing p:
The case p  8; 20 mod 21 was discussed earlier. We have ðpÞ ¼ Y1Y2Y3 in OK ; we
can choose generators pYAOK0 and cðpYÞ ¼ NK=K0ðpYÞ ¼7p: By the previous
remark (or by using the explicit form of c) one ﬁnds that cðYÞ ¼ p; hence
PpðTÞ ¼ ðT2 þ pÞ3 ðp  8; 20 mod 21Þ;
so LX3;3;1ðtÞ ¼ ðpt2 þ 1Þ3:
In case p  4; 10; 16; 19 mod 21; we have ðpÞ ¼ Y1Y2 and we can choose
generators pYAZ½z3; in fact, the condition pY  1 mod 3 determines the generator
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uniquely. Then cðpYÞ ¼ oapYpYpY ¼ oappY for some aAZ=6Z which can be
determined explicitly. Then we ﬁnd:
PpðTÞ ¼ T6  ðcðpYÞ þ cðpYÞÞT3 þ p3 ðp  4; 10; 16; 19 mod 21Þ;
hence LX3;3;1ðtÞ ¼ p3t6  ðcðpYÞ þ cðpYÞÞt3 þ 1:
In the remaining cases, the ideal ðpÞ is prime in OK and Frp ¼ cðpÞ ¼ p3; hence
PpðTÞ ¼ T6 þ p3 ðp  2; 5; 11; 17 mod 21Þ;
hence LX3;3;1ðtÞ ¼ p3t6 þ 1:
4.8. Comparison
Comparing the theorem above with Theorem 3.3 it is clear that they give
consistent results, except maybe in the case that p splits in two or six prime ideals.
However, it is easy to check that also in these cases both methods give the same
result.
In fact, assume p ¼ Y1Y2 and choose a generator pAZ½z3 for Y1; so p %p ¼ p:
Multiplying p by a suitable power of o ¼ z; we may assume that p  1 mod 3 and
hence that wY3ðp1Þ ¼ 1: Let r; sAZ=6Z be such that
p/ð3r; 3sÞAðZ=7ZÞ2DOK=Y7;1  OK=Y7;2:
Then ðwY7;1wY7;2Þðp1Þ ¼ ðz3Þ
4r2s ¼ z2rþs3 : Thus we get
cðpÞ ¼ z2rþs3 pp:
Now assume that p  16 mod 21; hence p  2  32 mod 7: Then p ¼
p %p/ð3r; 3sÞð3s; 3rÞ ¼ ð3rþs; 3rþsÞ; hence r ¼ 2 s and cðpÞ ¼ z1s3 pp: Next we show
that, with k ¼ 1 s; zk3pp p3 has Norm divisible by 7, hence the L function for
primes p with p  1 mod 3 and p 72;74 mod 7 coincides with the one computed
with the Hecke character (cf. Theorem 3.3). We have (recall z3/ð2; 4Þ ¼ ð32; 34Þ and
r ¼ 2 s):
z1s3 pp p3/ð32ð1sÞþ2þr  33r; 34ð1sÞþ2þs  33sÞ  ð0; 0Þ;
so indeed NQðz3Þ=Qðz1s3 pp  p3Þ  0 mod 7: The cases p  4; 10; 19 mod 21 can be
done similarly.
Finally, we consider the case p  1 mod 21 (the case p  13 mod 21 is similar). Let
Y be a prime ideal in OK dividing p and let pYAOK be a generator. Multiplying pY
with 1 if necessary, we may assume that pY is congruent to a square mod ð1 z3Þ;
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in particular eðp1Y Þ ¼ 1 and wY3ðp1Y Þ is a cube root of unity. Then
Z :¼ cðpYÞ ¼ ðwY3wY7;1wY7;2Þðp1Y Þ  s1;1ðpYÞs2;2ðpYÞs1;4ðpYÞ
and it is easy to see that Z  1 mod ð1 z3Þ:
Let pAZ½z3; p  1 mod 3; be the unique element such that pp generates the ideal
ðNK=Qðz3ÞðZÞÞ in Z½z3: Thus
pp ¼ zk3s1;1ðpYÞs1;2ðpYÞs1;4ðpYÞ;
where k is chosen such that p  1 mod 3 (as pY is a square mod ð1 z3Þ; also
s1;1ðpYÞs1;2ðpYÞs1;4ðpYÞAZ½z3 is a square mod ð1 z3Þ and hence is 1 mod ð1 z3Þ).
Theorem 3.3 asserts that
ðwY3wY7;1wY7;2Þðp1Y Þs2;2ðpYÞ  zk3s1;2ðpYÞmodY7;i
for each of the primes Y7;i over 7.
To compute k and wY3ðpYÞ; we write pY ¼ x1ð1þ x2ð1 z3ÞÞmod 3 with x2 ¼
a þ baþ ca2: Then s1;1ðpYÞs1;2ðpYÞs1;4ðpYÞ is congruent to ztrðx2Þ3 mod 3; so k ¼
trðx2Þ; with
trðx2Þ :¼ trK=Qðz3Þða þ baþ ca2Þ  b þ c mod 3:
As eðpYÞ ¼ 1; wY3ðp1Y Þ ¼ z
2ðbþcÞ
3 ¼ ztrðx2Þ3 ; so it remains to prove that
ðwY7;1wY7;2Þðp1Y Þs2;2ðpYÞ  s1;2ðpYÞmodY7;i:
Since GalðK=Qðz3ÞÞ acts trivially modulo each of the Y7;i’s, we have s2;2ðpYÞ  pY
and s1;2ðpYÞ  pY modulo Y7;i: Let r; s be such that pY/ð3r; 3sÞAðZ=7ZÞ2; so
pY/ð3s; 3rÞ: The fact that p  1 mod 7 implies that ðpYpYÞ3/ð1; 1Þ; so r þ s 
0 mod 2: As above, ðwY7;1wY7;2Þðp1Y Þ ¼ z2rþs3 /ð34rþ2s; 32rþ4sÞ: Therefore,
ðwY7;1wY7;2Þðp1Y Þ  pY/ð34rþ3s; 33rþ4sÞ  ð3r; 3sÞ;
which coincides with the image of pY: Hence we also veriﬁed the case where p splits
completely in K (cf. Theorem 3.3).
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